In this short review, the calculation of the next-to-next-to-leading order QCD corrections to the inclusive radiative decayB → Xsγ is described. I summarize the salient features of the calculational framework adopted, discuss the results obtained in the last few years, and indicate the technical tools that made the NNLO calculations possible. I conclude by comparing the current NNLO theoretical estimate for the branching ratio with the experimental measurement and by briefly discussing the size and origin of the residual theoretical uncertainty.
Framework
The inclusive radiative decays of B mesons into a photon and an arbitrary hadronic state of total strangeness −1,B → X s γ, currently play a relevant role within the precision tests of the Standard Model (SM) and of its extensions. The decay process is sketched in Fig. 1 ; B denotes a B ± or B 0 mesons, while X s indicates an inclusive hadronic state not containing charmed particles.
At the parton level, the process in Fig. 1 is induced by a Flavor Changing Neutral Current (FCNC) decay of the b quark contained in theB meson. The b quark decays into a strange quark plus other partons, collectively indicated by the symbol X parton s , and a photon. In the SM, such a decay takes place at first at one loop, through "penguin" diagrams such as the one shown in Fig. 2 . FCNC decays are rare (i. e. loop-suppressed) in the SM; therefore, they are very sensitive to Beyond the SM physics effects, which can arise in the perturbative expansion at the same order as the leading SM contribution.
In contrast with the exclusive decay modes, inclusive decays of B mesons are theoretically clean observables; in fact, it is possible to prove that the decay width Γ(B → X s γ) is well approximated by the partonic decay rate Γ(b → X 
The second term on the r. h. s. of Eq. The partonic process can be studied within the context of perturbative QCD. However, the first-order QCD corrections to the partonic process are very large. The large corrections originate from hard gluon exchanges between quark lines of the one-loop electroweak graphs (see Fig. 3 ). In general, Feynman diagrams involving different mass scales (say m 1 and m 2 , for example), depend on logarithms of the ratio of the masses. If there is a strong hierarchy among the two mass scales (e.g. m 1 ≪ m 2 ), then the logarithms are numerically large. In the case of QCD corrections to the partonic process b → X parton s γ, the mass scales involved are the W -boson mass M W , the top quark mass m t , and m b . M W and m t are of the same order of magnitude µ W ∼ 100 GeV, while the b-quark mass is considerably smaller: m b ∼ 5 GeV. At n-th order in the perturbative expansion in the strong coupling constant α s (m b ), one finds terms of the form
where m ≤ n. For n = 1 and m = 1, the product in Eq. (2) is too large to be used as an expansion parameter; terms enhanced by large logarithmic coefficients must be resummed at all orders. Conventionally, calculations performed by resumming logarithms in which m = n are referred to as leading order (LO) precision calculations. By resumming terms in which m = n, n − 1, it is possible to obtain results of next-to-leading order (NLO) precision. Similarly, resumming m = n, n − 1, n − 2 logarithms, it is possible to achieve next-to-next-to-leading order (NNLO) precision. The easiest way to implement the resummation of the large logarithms discussed above is to work within the context of a renormalization-group-improved effective theory with five active quarks. In such a theory, the heavy degrees of freedom involved in the decay under study are integrated out. By means of an operator product expansion, it is possible to factorize the contribution of the short-distance and long-distance dynamics in the decay of the B meson. In the SM, the shortdistance dynamic is characterized by mass scales of the order of the top-quark or W -boson mass, while the long-distance dynamic is characterized by the b-quark mass. The boundary between short-distance and long-distance is chosen at a low-
Clearly, the scale µ b is unphysical, and therefore physical quantities should not depend on it. However, all calculations are performed up to some fixed order in perturbation theory. This truncation of the perturbative series induces a dependence on the low-energy scale in the physical observables, which is formally of higher order with respect to the precision goal of the calculation. From the practical point of view, the Lagrangian employed in calculating the b → X parton s γ decay rate can be written as 
The matrix γ in the equation above is the anomalous dimension matrix (ADM) of the effective operators. Since the various operators mix under renormalization, this step of the calculation is called mixing. By solving the RGE, it is possible to resum at all orders the large logarithms of the ratio µ W /µ b in the Wilson coefficients. This becomes evident by looking at the leading order solution of Eq. (4) (for the diagonalized ADM, indicated by a tilde)C
where β 0 = 11 − 2/3N f is the leading order QCD beta function, and N f is the number of active quarks. iii) Finally, it is necessary to calculate on-shell matrix elements of the partonic process in the effective theory. QCD radiative corrections to the matrix elements do not include large logarithms, since the dependence on the heavy degrees of freedom is completely encoded within the Wilson coefficients.
The eight effective operators appearing in the Lagrangian in Eq. (3) are listed in Appendix A. At LO, the b → sγ amplitude is proportional to the effective Wilson coefficient C eff 7 ; the effective coefficients were introduced in Ref. 3 . Radiative decays of the B meson were first experimentally observed (in the exclusive B → K * γ decay mode) by the CLEO collaboration at Cornell in 1993. Nowadays, the branching ratio of the inclusive decayB → X s γ has been measured by several collaborations. The current world average, obtained by averaging the CLEO, BELLE, and BABAR measurements (Refs. 4, 5, 6, 7, 8) , is (Ref . 9) B B → X s γ 
In Eq. (6) the first error is due to statistical and systematic uncertainty, while the second is due to theory input on the b-quark Fermi motion. In order to eliminate irreducible backgrounds, experimental collaborations impose a lower cut on the photon energy. The value in Eq. (6) refers to a lower cut E 0 = 1.6 GeV. In view of current experimental accuracy, theoretical predictions based upon NLO calculations in the α s expansion are no longer sufficient. In the last eight years, partial results necessary for the theoretical calculation of theB → X s γ branching ratio with NNLO precision were obtained by several groups (Refs. 10, 11, 12, 13, 14, 15, 16, 17, 18, 19, 20, 2) . Two years ago, by employing these partial results, it was possible to obtain the first theoretical estimate of the branching ratio at NNLO (2, 21) . Currently, the NNLO program is heading toward completion (Ref. 22, 23, 24) . In order to calculate theB → X s γ branching ratio at NNLO, it is necessary to make use of some of the most powerful and recent techniques available for multiloop Feynman diagrams calculations. The aim of the rest of this short review is to indicate the techniques employed in the parts of the NNLO calculation carried out so far, as well as to indicate the areas in which work is currently in progress. I conclude by comparing the current theoretical prediction of the branching ratio with the experimental measurements and by briefly discussing the residual theoretical uncertainties.
NNLO Calculation
The experimental error on theB → X s γ branching ratio in Eq. (6) is of 7%. The theoretical error affecting the NLO prediction is about 10% (see for example the comprehensive reviews in Refs. 25, 26) . Aside for the NLO QCD corrections (Refs. 27, 28, 29, 30, 31, 32, 33, 34, 35, 36, 37, 38, 39) , NLO determinations of the branching ratio include electroweak effects (Refs. 40, 41, 42) ; moreover, the numerical impact of the charm-and bottom-quark masses was analyzed in detail in Ref. 43 . However, the NNLO QCD corrections were estimated to be at the level of ±7% already in Ref. 44 . The inclusion of the NNLO QCD corrections is expected to significantly reduce the uncertainty associated to the charm-quark mass renormalization scale. In fact, since the charm-quark mass m c first enters the branching ratio at NLO, the related scale dependence is a NNLO issue (see Ref. 43) . It is thus mandatory to include the numerically leading NNLO QCD effects in the theoretical prediction of theB → X s γ branching ratio in order to bring the theoretical uncertainty at the same level of the experimental one. Below matching, mixing, and matrix element calculation at NNLO in QCD are discussed.
Matching
The goal of the matching procedure at NNLO is to calculate the order α are also neglected. The integrals that must be evaluated after the expansion in the external momenta correspond to vacuum diagrams, involving one or, as in Ref. 11, two mass scales. Two-and three-loop vacuum integrals depending on a single mass scale are known. Three-loop vacuum diagrams depending on two different mass scales could not be evaluated directly. The problem was solved by expanding the integrals around the point m t = M W and for m t ≫ M W . Both expansions give satisfactory results for the physical value M W ∼ m t /2. In order to write down the matching equations, it is necessary to require equivalency of the SM and effective theory Green functions. The calculation of the latter is not problematic; in fact, after expanding in the external momenta, loop diagrams give rise to scaleless integrals, which vanish in dimensional regularization.
Mixing
The entries of the ADM γ in Eq. (4) can be obtained from the QCD renormalization constants in the effective theory. The latter are derived from ultraviolet divergencies in the Feynman diagrams with effective operator insertions. The ADM has the following perturbative expansion
where the matrices at each order in α s have a block structure:
The lower-left block vanishes because the dimension-five dipole operators do not generate UV divergencies in dimension-six, four-quark amplitudes. The matrices A (k) and C (k) can be obtained from the UV divergencies of (k + 1)-loop diagrams, while to evaluate B (k) it is necessary to evaluate the UV divergencies of (k + 2)-loop diagrams. The matrices A (2) , B (2) , and C (2) were calculated in the Refs. 12, 14, and 13, respectively. Sample diagrams needed in the calculation of the NNLO ADM are shown in Fig. 5 . Since one is interested in Feynman diagrams UV divergencies, it is necessary to evaluate the corresponding integrals by regulating UV and infrared singularities in different ways. In Refs. 12, 14,and 13 this was done by introducing a common mass M for all fields, and thus by expanding the loop integrals in inverse powers of M . Therefore, the only integrals needed were single scale tadpoles up to four loops; these integrals are known. The number of diagrams involved is impressive: the calculation of B (2) alone requires the evaluation of over 20000 four-loop Feynman graphs.
Matrix Elements -Total Rate
To complete the calculation of the NNLO corrections to the b → X parton s γ decay rate, it is necessary to calculate the O(α 
The term proportional to G ij in Eq. (9) originates from the interference of diagrams mediated by the effective operator O i and diagrams involving the effective operator O j . Consequently, G ij is referred to as the (O i , O j ) component of the decay width. In Eq. (9) m b andm b indicate the pole and running MS bottom quark mass, respectively. α em is the fine structure constant at zero momentum transfer. The total decay rate can be obtained from Eq. (9) by setting the lower cut on the photon energy, E 0 , equal to zero. In this section we discuss the calculation of NNLO QCD corrections to the total decay rate.
The (O 7 , O 7 ) component is the only one completely known at NNLO in QCD. This component is numerically dominant and was independently calculated by two different groups (Refs. 16, 17) . In order to calculate the NNLO QCD corrections to the (O 7 , O 7 ) component of the decay width in Eq. (9), it is necessary to consider three different sets of matrix elements:
• Two-loop corrections to the process b → sγ interfered with the tree-level b I consider squared amplitudes summed over spin, color, and polarization of the final state, as well as averaged over the spin and color of the incoming b quark.
3-cut 4-cut 2-cut 
The reduction procedure is simplified by the fact that all of the integrals in which one of the cut propagators vanishes or is raised to a negative power are equal to zero, since in those cases the ±i0 prescription in Eq. (10) MB representation of the integrals. The Laporta algorithm is also employed for diagrams involving a massive quark loop. However, for some of the MIs encountered in the latter case, the numerical evaluation of MB representations is not sufficiently precise. In these cases, an interesting technique based upon the numerical solution of the system of differential equations satisfied by the MIs is adopted. 63, 64) . The latter represents the first step toward the calculation of the complete set of NNLO corrections in the m c = 0 limit. Once this result becomes available, it will then be possible to interpolate the results of Ref. 2 to the physical value of m c without making any assumption on the behavior of the corrections for vanishing m c . In turn, this procedure will reduce the error associated with the m c interpolation.
Matrix Elements -Spectrum
In the two-body b → sγ decay, the energy of the outgoing photon is fixed by the kinematic of the process: E γ = m b /2 in the b-quark rest frame. However, two different phenomena give raise to a photon energy spectrum in theB → X s γ decay. First, the partonic decay in which one is interested is not b → sγ but rather b → X parton s γ; in events involving the emission of one or more gluon orpair, the photon has an energy E γ < m b /2. Secondly, the Fermi motion of the b quark in the B meson also contributes in generating a non-trivial photon energy spectrum. The situation is sketched in Fig 7; the smearing of the photon energy spectrum beyond the partonic end point m b /2 is due to the non-perturbative Fermi motion effects, while the long low-energy tail has its origin in the gluon/quark-pair bremsstrahlung. The latter can be studied in perturbative QCD, while Fermi motion effects are modeled by means of a process-independent shape function (see Ref. 44, 65) . Since experimental collaborations apply a lower cut on the photon energy of about 1.8 − 2 GeV, a detailed knowledge of the photon energy spectrum is mandatory in order to obtain a prediction for theB → X s γ branching ratio. The measured photon energy spectrum provides direct information on the shape function, while from the moments of the truncated spectrum it is possible to extract relevant information on the Heavy Quark Expansion parameters.
Working at NLO in α s , it is necessary to consider the virtual corrections to the process b → sγ together with the matrix elements of the corresponding process with a gluon in the final state: b → sγg. At NNLO, it is also necessary to consider the matrix elements with up to two gluons or apair in the final state. After defining the dimensionless variable z = 2E γ /m b (0 ≤ z ≤ 1), the quantity G ij in Eq. (9) can be written as
where one sets z 0 = 2E 0 /m b and µ = m b , and dG ij /dz is the photon energy spectrum. The only component of the photon energy spectrum completely known at NNLO in QCD is G 77 (Refs. 19, 20) , which originates from the interference of graphs involving the magnetic dipole operator O 7 . This component of the spectrum is the numerically dominant one. The general structure of a spectrum component (O i , O j ) is the following:
Because of kinematic, only matrix elements with three or four particles in the final state contribute to the function R(z). Therefore, if the total decay rate G ij (z 0 = 0) is known, it is sufficient to calculate the function R(z) in Eq. (12), keeping z = 1, in order to know the photon energy spectrum. The constant f in Eq. (12) can be fixed a posteriori by requiring the equality of the total rate with the integral in Eq. (11) once one sets z 0 = 0. The (O 7 , O 7 ) component of the total decay rate can be found in Refs. 16 and 17. Consequently, in order to calculate the corresponding spectrum component, it is sufficient to consider one-loop corrections to the process b → sγg, as well as tree-level matrix elements contributing to the processes b → sγgg and b → sγqq. At NLO, there are just two Feynman diagrams contributing to the (O 7 , O 7 ) spectrum for z = 1. The squared amplitudes of the two graphs must be integrated over the final-state phase space, and the integrand must be multiplied by a Dirac delta function fixing the energy of the photon. Schematically,
The optical theorem relates the decay width to the imaginary part of two-loop bquarks self-energy diagrams. The contribution of each specific physical cut to the imaginary part of the two-loop self-energy diagrams can be calculated by means of the Cutkosky rules. In particular, the quantity in Eq. (13) is obtained by summing over three different cut diagrams
where it is understood that the Dirac delta in Eq. (13) was inserted by hand in the integrands. The same principle can be applied at NNLO, so that the (O 7 , O 7 ) photon energy spectrum can be obtained by calculating appropriate cuts of three-loop bquark self-energy diagrams; examples are shown in Fig. 8 . The contribution of each cut to the photon energy spectrum can be evaluated with the techniques discussed in the previous section. The Dirac delta function employed in order to fix the photon energy can be rewritten as a difference of propagators by means of the identity in Eq. (10) It is interesting to observe that in the z → 0 limit the (O 7 , O 7 ) component of the spectrum should vanish like z 3 . This can be easily proved; each effective operator O 7 gives raise to a factor z in the spectrum, and an additional factor z originates from the integration over the photon phase space. In a similar way, it is possible to determine the behavior of other components of the spectrum in the z → 0 limit. Since the QED coupling of the quarks with the photon is proportional to 1/E γ for soft photons, the (O 7 , O 8 ) component of the photon energy spectrum is proportional to z when z → 0. In the same limit, the (O 8 , O 8 ) component of the spectrum behaves like 1/z. These kinds of considerations are based upon the Feynman rules employed in the calculation; therefore, they apply to each cut of each diagram contributing to a given spectrum component. The qualitative information on the spectrum behavior in the z → 0 limit can be used as a powerful check of the calculation, but it can also be employed to fix some of the initial conditions needed to calculate the MIs with the differential equation method. In Refs. 16 and 17 the c-quark mass is set to zero. The exact dependence of the NNLO corrections to the (O 7 , O 7 ) spectrum and total decay rate on the c-quark mass is found in Ref. 22 .
The techniques outlined above can in principle be used to also calculate the NNLO QCD corrections to the (O 7 , O 8 ) component of the spectrum. In particular, the dependence of the (O 7 , O 8 ) spectrum on the c-quark mass was studied in Ref. 23 .
The BLM corrections to all of the components of the photon energy spectrum, with the exception of (O 8 , O 8 ), were calculated almost a decade ago (see Ref. 18) . It is well known that the BLM corrections, which are proportional to α 2 ∼ 0.03, and therefore they are expected to be numerically small. Moreover, the (O 8 , O 8 ) spectrum component includes logarithmic singularities in the limit in which the strange quark is considered massless. As discussed above, the (O 8 , O 8 ) spectrum is also singular in the limit of vanishing photon energy; therefore, its contribution to the branching ratio becomes numerically large for low (and experimentally unattainable) values of the cut on the photon energy. For completeness, the BLM corrections to the (O 8 , O 8 ) spectrum were recently computed in Ref. 69 ; the collinear singularities were regulated by keeping a finite strange quark mass m s when needed.
Finally, Table 1 summarizes the available NNLO QCD corrections to the matrix elements of the b → X parton s γ decay width, indicating both calculations of the total decay rate and of the photon energy spectrum. Table 1 . NNLO QCD corrections to the various component of the b → X parton s γ decay width. The first row of the table refers to the full α 2 s corrections, the second refers to the α 2 s corrections with a light-quark loop, the third to α 2 s corrections with a massive charm-or bottom-quark loop, and the fourth to non-BLM corrections in the mc ≫ m b /2 approximation.
App.
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NNLO Estimate of the Branching Ratio
According to the procedure of Ref. 43 , which is designed in order to reduce parametric uncertainties originating from CKM angles and c-and b-quark masses, the B → X s γ branching ratio can be written as
where the perturbative corrections P (E 0 ) are defined as follows
and N (E 0 ) denotes non-perturbative corrections. The factor C is given by
Since C is a ratio of inclusive decay widths, it can be calculated by means of the same tools employed in the calculation of theB → X s γ width, and expressed as a double series in powers of 
The estimate in Eq. (18) (18) does not include some NNLO and non-perturbative corrections which are currently known; however, the combined effect of the neglected contributions is about +1.6%, which is a small correction compared to the theoretical uncertainty (more details can be found in Ref. 71) . It is important to observe that the result of Refs. 2, 21 reduced the theoretical uncertainty, which is approximately of the same magnitude as the experimental one. As expected, the inclusion of NNLO corrections significantly reduced the dependence of the branching ratio on the matching scale µ W ∼ M W , on the low-energy scale µ b ∼ m b , and especially on the charm-mass MS renormalization scale µ c that first enters the calculation at NLO. The scale dependence of the LO, NLO, and NNLO predictions for the branching ratio are compared in Fig. 2 of Ref 21. The SM theoretical prediction of Eq. (18) is now slightly more than 1σ lower than the experimental average in Eq. (6) . Such an agreement can be used in order to set stringent constraints on the parameters of some Beyond the SM physics models (see for example Ref. 21) . While progress in the calculation of perturbative corrections to the b → X parton s γ decay width is expected in the future, the current theoretical error is dominated by the uncertainty associated to non-perturbative effects, estimated to be about 5% (Ref. 21 ). The non-perturbative uncertainty primarily arises from corrections of order O(α s Λ QCD /m b ) which are very difficult to evaluate; they were analyzed in Ref. 72 .
In Table 2 , I summarize the size of NLO, NNLO, and non-perturbative corrections to the branching ratio. 
In the above equations, e and F µν (g s and G µν ) represent the electromagnetic (strong) coupling constant and field strength, respectively. The eight color generators are indicated by T a . The sums in the operators O 3 , . . . , O 6 run over the light quarks.
